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FuzzyModeling

Evolutionary Algorithms
+ Fuzzy Clustering
+ Neural Networks

accuracy aspect prevails
interpretability aspects are partly ignored.

black-box models.

Why apply fuzzy modeling instead of other techniques?

Different criteria to optimize: accuracy and
interpretability.
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Multi-objecti veneuro-EA

Pareto-based multi-objective EA.

Find multiple non-dominated solutions for fuzzy
modeling problems.

Hibridation with a neural network to obtain more
accurate models.
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Fuzzymodel identification

We consider rule-based models of the Takagi-Sugeno (TS)
type. The rule consequents are taken to be linear functions
of the inputs:
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� � %'& � � � & ,( � )� 
 & � � � & � � * is the input vector,�� � is the output of the
�
-th rule,� �+ are fuzzy sets defined in the antecedent space, �+ , -

are the consequent parameters.

Fuzzy Modeling with Multi-Objective Neuro-Evolutionary Algorithms – p.4/38



Fuzzymodel identification

The total output of the model is computed by aggregating
the individual contributions of each rule:
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where 0 � ) ( * � � %'& � � � & is the normalized firing strength of
the

�

-th rule:
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Fuzzymodel identification

Each fuzzy set

� �+ is described by an asymmetric gaussian
membership function.

1 23 5 )� + * �
9
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;< = > "@?35 A B5 $ �CED �GF35 � H � + IJ �+
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where

� � %'& � � � & and

N � %'& � � � & O.
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Fuzzymodel identification

This fuzzy model is defined by a radial basis function neural
network.

The number of neurons in the hidden layer of an RBF
neural network is equal to the number of rules in the
fuzzy model.

The firing strength of the -th neuron in the hidden layer
matches the firing strength of the -th rule in the fuzzy
model.

The neurons in the output layer perform the
computations for the first order linear function described
in the consequents of the fuzzy model.
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A techniqueto impr ove transparencyand compactness

We consider the following similarity measure between two
fuzzy sets

�

and

P

:

Q ) �& P * � R S< �UT P
� &

�T P
P

If (we use ), fuzzy sets and are
merged in a new fuzzy set .

If (we use ), fuzzy sets and
are split.
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Training of the RBF neural networks

The RBF neural networks are trained with a gradient
method.

Obtain more accuracy.

To mantain the transparency and compactness of the
fuzzy sets, only the consequent parameters are trained.
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Criteria for fuzzy modeling

In the search for an acceptable fuzzy model, we consider
three main criteria:

1. accuracy,

2. transparency, and

3. compactness.

It is necesary to define quantitative measures for these crite-

ria by means of appropiate objective functions which define

the complete fuzzy model identification.
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Criteria for fuzzy modeling

The accuracy of a model can be measured with the mean
squared error:

Q\ � %
]

^
6/ 


) � 6 > ��� 6* C
where � 6is the actual output for the

_
-th input vector,�� 6is the desired output for the

_
-th input vector, and]

is the number of data samples.
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Criteria for fuzzy modeling

Many measures are possible for the second criterion,
transparency. We only consider one of the most significant,
similarity. The similarity

Q

among distinct fuzzy sets in each
variable of the fuzzy model can be expressed as follows:

Q � R S<`bac ade35 fhg i7 5
Q ) � �+ & P 6+ *

where

� � %'& � � � & ,

N � %'& � � � & O and

_ � %'& � � � & .

The objective is to minimize the maximum similarity between

the fuzzy sets in each input domain.
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Criteria for fuzzy modeling

Finally, measures for the third criterion, the compactness,
are:

the number of rules, and

the number of different fuzzy sets .

We assume that models with a small number of rules and

fuzzy sets are compact.

Fuzzy Modeling with Multi-Objective Neuro-Evolutionary Algorithms – p.13/38



Criteria for fuzzy modeling

Finally, measures for the third criterion, the compactness,
are:

the number of rules, and

the number of different fuzzy sets .

We assume that models with a small number of rules and

fuzzy sets are compact.

Fuzzy Modeling with Multi-Objective Neuro-Evolutionary Algorithms – p.13/38



Criteria for fuzzy modeling

Finally, measures for the third criterion, the compactness,
are:

the number of rules, and

the number of different fuzzy sets
j

.

We assume that models with a small number of rules and

fuzzy sets are compact.

Fuzzy Modeling with Multi-Objective Neuro-Evolutionary Algorithms – p.13/38



Criteria for fuzzy modeling

Finally, measures for the third criterion, the compactness,
are:

the number of rules, and

the number of different fuzzy sets
j

.

We assume that models with a small number of rules and

fuzzy sets are compact.

Fuzzy Modeling with Multi-Objective Neuro-Evolutionary Algorithms – p.13/38



Representationof solutions

An individual for this problem is a rule set of rules
defined by the weights of the RBF neural network. With O

input variables, we have for each individual the following
parameters:

centers , left variances and right variances ,
,

coefficients for the linear function of the consequent ,
,
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Initial population

The initial population is generated randomly.

To ensure diversity respect to the number of rules, the
number of individuals with rules, for all ,
must be between and , the minimum
and maximum niche size respectively, with:

where is the population size.
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Initial population

To generate an individual the procedure is as follows:

For each fuzzy number , three random real values
from are generated and sorted to satisfy:

where
and .

Parameters are real values generated at random
from .

After, the individual is treated with the technique to
improve transparency and compactness and trained.
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Variation operators

In order to achieve an appropiate exploitation and
exploration in the search space, it is necessary to define
variation operators in the different levels of the individuals:

1. rule set level,

2. rule level and

3. parameter level.
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Rule setlevel variation operators

Rule Set Crosso ver : This operator interchanges rules.

Given two parents:

two children are produced:

where:

The number of rules of the children is between and .
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Rule setlevel variation operators

Rule Set Increase Crosso ver : This operator increases the
number of rules of the two children as follows:

the first child contains
all rules of the first parent, and

rules of the second parent;

the second child contains
all rules of the second parent, and

rules of the first parent.
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Rule setlevel variation operators

Rule Set Mutation : This operator deletes or adds, both with
equal probability, one rule in the rule set.

For deletion, one rule is randomly deleted from the rule
set.

For rule-addition, one rule is randomly generated,
according to the initialization procedure described, and
added to the rule set.
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Rule Level Variaton Operators

Rule Arithmetic Crosso ver : Performs arithmetic crossover of
two random rules.

Given two parents:

this operator produces two children:

with:

where are random indexes from and .
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�& N
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n % & 
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n %'& C q .
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Rule Level Variaton Operators

Rule Unif orm Crosso ver : Performs uniform crossover of two
random rules.

Given two parents:

this operator produce two children:

where and are obtained with the uniform crossover.
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Parameter level variation operators

Arithmetic Crosso ver : Given two parents,

Select one rule of each parent randomly.
Select a random input variable or the consequent.
Performs an arithmetic cross of the fuzzy numbers or
the consequent parameters.

Non-Unif orm Mutation : Given an individual,
Select a random rule.
Select a random fuzzy number or a parameter of the
consequent.
Generate a new value of the parameter at random
within the constraints given by a non-uniform
mutation.
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Parameter level variation operators

Unif orm Mutation :
Similar to former, but within the constraints given by an
uniform mutation.

Small Mutation :
Similar to former, but within the constraints given by an
small mutation.

The small mutation produces an small change in the
individual and it is suitable for fine tuning of the real
parameters.
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Selectionand generationalreplacement

In each iteration, the neuro-EA executes the following steps:

1. Two individuals are picked at random from the population.

2. These individuals are crossed and mutated to produce two offspring.

3. Perform technique to improve transparency in the offspring.

4. Perform the training in the offspring.

5. The first offspring replaces the first parent and the second offspring
replaces the second parent only if:

the offspring is betther than the parent and

the number of rules of the offspring is equal to the number of
rules of the parent, or the niche count of the parent is greater
than and the niche count of the offspring is smaller than

.
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Selectionand generationalreplacement

An individual

�

is better than another individual

�

if

�
dominates

�

based on the Pareto concept.

The niche count of an individual is the number of individuals in the
population with the same number of rules as .

The preselection scheme is an implicit niche formation technique to
maintain diversity in the population because an offspring replaces an
individual similar to itself (one of their parents).

The added explicit niche formation technique ensures that the
number of individuals with rules, for all , is greater or
equal to and smaller or equal to .

The preselection scheme is also an elitist strategy because the best
individual in the population is replaced only by a better one.
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Optimization model

After preliminary experiments in which we have checked
different optimization models, the following remarks can be
maded:

1. Search for rules sets with a number of rules within an
interval

The explicit niche formation technique ensures the
EA always contains a minimum of representative rule
sets for each number of rules in the populations.
Do not minimize the number of rules during the
optimization,
Take it into account at the end of the run, in a
posteriori decision process applied to the last
population.
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Optimization model

2. A very transparent model will be not accepted if it is not
accurate.

In most fuzzy modeling problems, excessively low
values for similarity hamper accuracy.
Goal programming, enable us to reduce the domain of
the objective functions and impose a goal for
similarity.

3. The measure (number of different fuzzy sets) is
reduced by the technique to improve transparency.

So, we do not define an explicit objective function to
minimize .
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Optimization model

According to the previous remarks, we finally consider the
following optimization model:

� O � o �� ¡ H 
 � Q\

� O � o �� ¡ H C � R S< ) �£¢ & Q *

The output of the algorithm is finally calculated according
to:
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Experimentsand results

We consider the modeling of the rule base given by Sugeno
and Kang (1988). The corresponding surface is the
following:
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Setness (1999) identify a model with four rules by the
supervised clustering algorithm, which was initialized with
12 clusters. This model was optimized using a Genetic
Algorithm to result in a MSE of
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Experimentsand results

The following values for the parameters were used in the
simulations:

t Q � % X X

,o � O r Q � ¤

,op � r Q � ¥ X

,

cross probability =

X� Y
,

mutation probability =
X� Y

,�� � X� ¦ ¤

, andop � � ¤

.
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Experimentsand results

The following table shows results obtained with the Pareto
based multi-objective neuro-EAs:

M L MSE S% ¦ % ¦ ¤� ¥ Y % X� X

¦ § ¦ ¤� [ X [ X� ¥ §¨

¥ ¤ ¦� % ¨ © X� ¥ § Y

§ ¤ %� X % © X� ¥ § Y

¤ ¤ X� Y % X X� ¥ ¤ X
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Experimentsand results

We finally choose a compromise solution (4-rules fuzzy
model). The following figures show the local model, the
surface generated by the model, fuzzy sets for each
variable and the prediction error.
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Experimentsand results
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Conclusions

Pareto-based multi-objective neuro-evolutionary algorithm to obtain
interpretable fuzzy models.

Criteria: accuracy, transparency and compactness.

Some of these criteria have been partially incorporated into the EA
by means of ad hoc techniques.

Training of the RBF neural networks associated with the fuzzy
models in order to obtain more accuracy.

Implicit niche formation technique (preselection) in combination with
other explicit techniques to maintain diversity.

Elitism is also implemented by means of the preselection technique.

A goal based approach has been proposed to help to obtain more
accurate fuzzy models.
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Futur e research

Consider more complex fuzzy modeling test problems
to check the robustness of the EA.

Other measures to optimize transparency, e.g.,
similarity in the consequent domain instead or together
with of the antecedent domain .

Applications in the real world by means of research
projects.
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